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Abstract: The zeta function associated with higher-spin fields on the Euclidean A-ball is in- 
vestigated. The leading coefficients of the corresponding heat-kernel expansion are given 
| explicitly and the zeta functional determinant is calculated. For fermionic fields the deter- 

minant is shown to differ for local and spectral boundary conditions. 
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: 1 Introduction 

H , 

Motivated by the need to give answers to some fundamental questions in quantum field theory, 
during the last years there has been and continues to be a lot of interest in the problem of 
calculating the heat-kernel coefficients and the determinant of a differential operator, L (see for 
example ]l|, |2|, |3| ) . In mathematics the interest in the heat-kernel coefficients stems, in particular, 
from the well-known connections that exist between the heat-equation and the Atiyah-Singer 
index theorem ||]. The knowledge of the functional determinant allows one to obtain estimates 
of different types (5|, ^, 0- All these informations may be obtained by a knowledge of the zeta 
function (l(s) associated with the operator L. For example, for the heat-kernel coefficients K n 
associated with a positive, elliptic, second order differential operator L, one has the equation 

K n = Res [CL(s)r(s)] \ s= d=u (1.1) 
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with the dimension D of the spacetime. The most appropriate way of dealing with the determi- 



nant of the operator L was introduced by Ray and Singer |1C] and consists of defining 

lndet L = -Cl(0). 



ri.2 



Especially in recent times, there has been an increasing interest in these quantities with the 
4-dimensional Euclidean ball as the underlying manifold and the relevant operator being the 
Laplacian respectively the operator describing higher-spin fields |[l], 12, 13, 14, |l5|, 16] [17, 18 

MM- 

The origin of this interest may be found in connection with quantum cosmology and super- 
gravity ^l| ^2| (see also [^, | 
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p7|). For example £(0) determines the scaling of the 
theory, C'(0) the one-loop effective action. 

Very effective schemes have been developed for the calculation of these and similar quantities 
fill , 0) |Hi 14 , 15, 16, |2(J. Up to now, the mentioned schemes have been applied mainly to the 
spin-0 case which means to the Laplacian on the Euclidean ball (see however [15]). The aim of 
this paper is to continue the consideration of [11, 12] and to apply the method developed there 
to higher-spin fields. For fermionic fields one has a choice between local and nonlocal spectral 
boundary conditions [psf| . It was found that the £(0) values for both boundary conditions agree. 
Here we will see, that other properties of the zeta function as for example C'(0) an d thus the 
effective action are different. 

The outline of the paper is as follows. In section 2 we briefly describe the method developed 
in [|ll]] for the calculation of the heat-kernel coefficients applying it to the spin-^ case with local 



boundary conditions. The value for ("(0) found in [21] is confirmed. We describe how to obtain 
an arbitrary large number of the heat-kernel coefficients, summarizing the first ones in appendix 
A. The results for spectral boundary conditions and other spin fields are also summarized in 
appendix A. The way to obtain them is identical to the calculation shown for the spin-^ field 
with local boundary conditions and so only some small details are given at the beginning of the 
appendix A. In section 3 we direct our interest to the calculation of the functional determinant. 
Once more we choose as an example the spin-^ field with local boundary conditions to apply 
the formalism developed in [|12j ]. The results for the other spins are then relatively easy obtained 
and are given without further considerations at the end of section 3. The results are seen to 
differ for local and spectral boundary conditions. In the conclusions we summarize the main 
results of our article. 



2 Heat-kernel coefficients for higher-spin-fields on the 4-ball 

To exemplify the method, we will choose the spin-^ field with local boundary conditions. Higher- 
spin fields can be treated in the same manner, with minor modifications (see the appendix A). As 
explained in detail in [21], the eigenvalues of the Dirac operator with local boundary conditions 
on the 4-dimensional ball are the solutions of the equation 

Jl +l {E n jR) - 4 +2 (E nJ R) =0, n > 0, (2.1) 

where each eigenvalue E n j carries degeneracy (n + l)(n + 2). Using Eq. ( |2.1| ) and following the 



lines of 11], the associated zeta function is written as a contour integral 



Ci°/ 2 (s) = £(n+l)(n + 2) / — (k 2 + m 2 )- s -ln[J 2 n+1 (kR) - J 2 n+2 (kR)}, (2.2) 
n=0 „ 
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where the contour 7 may be chosen to run counterclockwise enclosing all solutions of Eq. (2.1 



on 

the real positive axis. Here we introduced a mass parameter m, because it makes the analytical 
continuation procedure slightly easier. The limit m — > will be taken at the end. As it stands, 
the representation ( |2.2| ) is valid for > 2. However, in order to determine the heat-kernel 
coefficients with higher index we need the properties of (s) in the range 3fts < and thus 
we need to perform the analytical continuation to the left domain of the complex plane. Before 
considering in detail the n-summation, it is useful to first proceed with the ^-integral alone. 

The first specific idea is to shift the integration contour and place it along the imaginary axis. 
In order to avoid contributions coming from the origin k = 0, we will consider (with v = n + 1) 
the expression 



Cl/2 ( S ) 



dk 

2vri 



(k 



2 + m 2 ) 



,,d_ 

dk 



\n[k- 2u [J' z u {kR) - Jl +l {kR)) 



(2.3) 



where the additional factor k 2u in the logarithm does not change the result, for no additional 
pole is enclosed. One then easily obtains 



»l/2 



sin(7rs) 



7T 



dk [k 2 



m 



,d_ 
dk 



ln(k- 2 »[I 2 (kR)+I 2 +1 (kR)] 



(2.4) 



valid in the strip 1/2 < 3?s < 1. 

As the next step of our method, we make use of the uniform expansion of the Bessel function 
I v {k) and its derivative for v — > 00 as z = k/v fixed pjj. It turns out, that things simplify if 
the Bessel functions in Eq. ( p.4[ ) are rewritten in combinations of Bessel functions with only one 
index. One may show using p0[] (see also pi]) that 



Cl/2 ( S ) 



sin(7rs) 



7T 



dz 



mR/v 



ZV\' 

~RJ 



m 



d_ 

dz 



In (2 



-2u 



I 2 {zv) 



+ 1+ 



1 



llizv) - -I v {zu)l' v {zv) 



(2.5) 



Let us now employ the asymptotic expansion. One has [29] 

1 e*"» 



I u {uz) 



V5w(l + z 2 ) 



-Si 



(2.6) 



with t = l/\/l + z 2 and r\ = \f\ + z 2 + ln[z/ (1 + yl + z 2 )], furthermore 



I'„(uz) 



1 e^(l + z 2 )4 



y/2 



where we introduced 



(2.7) 



1 + 



00 

E 

fc=i 



u k (t) 



1 + 



00 

E 

k=l 



Vkit) 



(2- 



The first few coefficients are listed in [29], higher coefficients are immediate to obtain by using 
the recursion relation given also there. 
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Actually we will need the asymptotics of (see Eq. ( |2,5| )) 

]n(l%u) + + %M ~ \lu{zv)T 'uiyz) 



In 



In 



(1 + z 2)l/2 e 2^ 

2ttvz 2 
(l + Z 2)l/2 e 2^ 



+ ln 



2ttvz 2 

1 



2(1 -t) 



.2(1 -t) 

and for that reason we introduce the polynomials 



In 



1 



2(1 -i) 



E? + S| - 2t£ 1 £ 2 ] I = ^ 



(2.9) 



which are easily determined by a simple computer program. 

Now comes the main idea of our apporach. By adding and subtracting N leading terms of 
the asymptotic expansion, Eq. (2.9), for v — * oo, Eq. (|2.5|) may be split into the following pieces 



N 



(2.10) 



i=-l 



with the definitions 



sin its 



7T 



oo 




/ dz 


[(sH 


Rjv 



-2;/ 



In 



(1 + z 2)l/2 e 2^ 

2ttz^ 2 + 2i/ 



N 

£ 

i=i 



f2.ll'! 



and 



sin(7rs) 



7T 



mR/u 



sin(7rs) 



7T 



rnRjv 



sin(7rs) 



7T 



dz 



mRjv 



ZV 

~R 

zv 
~~R 

zv 
~~R 



m 



m 



m 



d_ 

dz 



In ( 



z 2v e 2 ^ 



a (i + 2 2 )5(i-t) 

<9z x 2 
9 /A(t) 



<9z V f 



(2.12) 
(2.13) 
(2.14) 



The essential idea is conveyed here by the fact that the representation (2.10) has the following 
important properties. First, by considering the asymptotics of the integrand in Eq. ( |2.11 ) for 
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mR/v and z — > oo, it can be seen that the function 



Z[° /2 (s) 



(2.15) 



i/=l 



is analytic on the strip (2 



N)/2 < SRs < 1. For this reason, it gives no contribution to 

fc G INo, fc < -1 + N/2, we 

have Z^/ofs) = and, thus, it also yields no contribution to the values of the zeta function at 



the residue of Ci/2( s ) 111 that strip. Furthermore, for s 



'1/2 ( S ) 

these points. Together with Eq. (1.1) this result means that the heat-kernel coefficients are just 
determined by the terms A. 



1/2, 



s) with 

1/2 



A\r\ s) = ^(u + l)A)^(s 



(2.16) 



As they stand, the A\^' u {s) in eqs. ( 2.12 ), Q2.13Q and ( 2.14[ ) are well defined on the strip 
1/2 < 5fts < 1 (at least). However, the way how to obtain the analytic continuation in the 
parameter s to the whole of the complex plane, in terms of known functions, has been explained 
recently [ |H| l and will be exploited further here. Instead of repeating the analysis presented 
there, let us only mention that the analogy of the spin-1/2 field with the scalar field obeying 
Robin boundary conditions might be taken advantage off. The relevant numbers entering the 
final result are the coefficients in the polynomial Di(t), 



2 1 



D i (t) = '£x i>a t a+i . 

a=0 

In terms of these and restricting to the massless case, we found 

fl 2 *r( s -i) 



(2.17) 



1/2, 



A 



Al'\s) 



A l J 2 (s) 



2v^F r(a + l 

r 2s r( 



20F r( s + i 

R 2s 



[( R (2s - 2) + ( R (2s - 3)], 
[Cfl(2a-1) + Cfl(2s-1)], 



(2.18) 



2T(s) 



Cr(-1 + i + 2s) + Cr(-2 + % + 2s)] 
2 * (i + a)r (s + s±a 



a=0 



1 _i_ i+a 
1 ' 2 



At this point, in order to find the heat-kernel coefficients of the Dirac operator on the ball with 
local boundary conditions, one has to use furthermore only 



Cfl(l + e 



n) 



1 (-1)" 



nl 



+ O(e ). 
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The final results for the relevant residues respectively function values are listed below for k G IN. 
For A l 11(s) and Ag /2 (s) we have 

Res A 1 / 2 (- — k] - R3 " k Cn (l 2k) 

,i/2/3 ^ (-I)*" 1 R^ k 



Res A< ^ - k) = - (fc : 2)!2V - r(| _ fc) C. (1 - 2.) , (for * > 2). 
For the even indices i and for n = 1, ...,k — 2 it reads 

. / o \ r>3—2k 

Res 4£ (--A:) = ^ d + 2n - 2*) 



2r (j - * 

^ (-l) fc " a - n (2n + 2a + 1) 

X 2^ x 2ra,2a+l- 



a =o (fc-2-a-n)!r(§ + n + a) 



where the summation index s(k) for k > 3n + 1 is given by s(fc) = 2n— 1, whereas for k < 3n+ 1 
one has s(fc) = k — 2 — n, and 



3+a 
2 



^3-2^ 4fc (2k + a)r 

I - fe) a=0 

Finally the contributions for odd indices, n = 1, ...,k — 1, read 

/o \ r>3—2k 

ResAH\(--k) = --^-^C R (l + 2n-2k) 

S M {-l) k - l ' a ' n {2n + 2a-l) 

x 2^a52n-i,2o- 



a =o (fc-l-o-n)!r^+n + oJ 

with s(fe) = 2n — 1 for k > 3n and = k — n — 1 for A; < 3n, and 

.1/2 /3 ,\ i? 3 - 2fc 4 ^ 2 (2fc-l + q)r(l + §) 



ReS A 2fc-1 U " k ) = ~7^A 7Y 51 X 2k-l,a 



Ar(l-k)to ~" r(^ + k) 

For the function values we found A V2 (0) = -1/120, Aq /2 (0) = 1/24, A]!?(-l) = Al /2 (-l) = 
for I e IN, furthermore for n = 1, fe — 1, and A; 6 IN, 

p2-2fe s ( fc ) 



with s(A;) = 2ra for A; > 3n + 1, respectively s(k) = k — n — 1 for k < 3n + 1, and 

^>2-2fc 



o2-2fc 

^-i(l-fe) = 77— r r T C«(-l + 2n-2A;) 



s ( fc ) (_;Qn+a+l 
X X>2n-1.2o+l (fe _ - _ - _ 1)!(o - - _ 1} , , 
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where s(k) = 2n — 2 if k > 3n — 1 and s(k) = k — n — 1 if k < 3n — 1. Finally 

^ (l . k) = (-r:;r i>,.- (2 * +a)r(i+i) 



and 



4(fc-i)i ^ ,a r(l + fc + f) 



1)^2-2^4^+2 (2A; + a+l)r(^) 
77 TTi / > ^2fc+l,a 7 — \ 



A list of the first coefficients is given in the appendix A. Especially the result given in [21|, 
C{%(0) = 11/360, is confirmed. 

For the spin-i field with spectral boundary conditions as for the spin-1, spin-|, and spin-2 



field exactly the same method may be employed (for the conditions analog to (2.1) see |27], Pq|). 
Thus there is no need to present details of the calculation. Let us only mention, that the £(0) 
values agree with the values published already before (for a summary see [plf| ). Some of the 
heat-kernel coefficients corresponding to the values of the zeta function on the negative axis 
are summarized in the appendix A where we also give all necessary elements to perform the 
computation. An arbitrary number of coefficients may be obtained without any problem. 



In [16 1 the sum rule 



C 3 S / 2 (0) " d7 2 (0) = 2[d(0) - 2Co(0)[, (2.19) 

valid also for all coefficients in the heat-kernel expansion, has been stated. This might be checked 
for some coefficients using the results of the present work and of pj . Actually, as may be seen 
in appendix A, for odd indices Eq. ( 2.19| ) represents two sum rules, namely one for the terms 



proportional to ^/tt and one for the terms proportional to 1 /y/n. The term 1 / ^/tt is absent for 
the scalar case and so these parts cancel separately for the other spins. 



3 Functional determinants for higher-spin fields on the 4-ball 



Let us also concentrate in this section on the spin-i field with local boundary conditions. For 
higher-spins we only write down the results at the end of the section. 

In order to calculate the functional determinant of the relevant operator (Laplace, Dirac, ...), 

we have to choose N = 3 
0. Explicitly the 



Eq. (2.10) is a very suitable starting point. Using the definition ( |Lz 
in Eq. (2.11) in order to obtain an analytic representation of Ci°( s ) around s 

2 

relevant polynomials read 



Di(t) 



— t H — r 
4 12 

1 3 1 4 
-t 3 + -i 4 - 
8 8 

1 



-t 5 - -t 6 

8 8 

9 



-I" + -I 1 ! 1" - -t e 

192 8 320 2 

23 i 3 q 179 n 

1 7 + -t 8 H 1 9 . 

64 8 576 
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Using these, the contribution of the asymptotic terms to the functional determinant is found to 
be 



d_ 

ds . 



1597 1 



1 



\s=0 



7 



:7r 



i=-l 



15120 180 ' 1080 

For the part coming from some additional calculation is needed. First one finds 



D n {t) 



ln(/, 2 M+/, 2 +1 M)-2,r ? -^^ 
(1 + z 2 ) 1 / 2 



n=l 



In 



TTVZ^ 



-(1-t) 



In the limit m — > this gives 



Z l °X'(0) = 21nr(^+l)+2^-2^1n^-ln(27r^) + ^^^ 



DM) 



n=l 



Use of the integral representation of lnT(u + 1) |pC[| , this may be rewritten as 



V2 w / 19 1 720 2 f 



t 1 1 



1 



12 720 2 t e*-l t 



(3.1) 



The remaining sum may be done using the techniques developed in connection with the scalar 
field. As an intermediate result one obtains 



Z[° /2 '(0) 



2 lim 

z^0 



^-T{z + 1)Cr(z + 1) + 3r(z - 2)Cr{z - 2) - 6T(z - 3)( R (z - 3) 
360 

+ 3oO r(z + 2)CR{Z + 2) ~ \ T{Z ~ 1)Cr{z ~ 1} 



+ dtt* 



1 ( d d 2 
+ 



1 



o 



e* - 1 \ dt dt 2 tie 1 - 1) 



This gives 



Z\%'{0) = — + — 7 + —tt 2 + -Cp(-3) + 3Cp(-2) + -Cfi(-l)- 
1/2 v ; 90 180 ' 1080 3 VRV ; SKV ; 3 v 

Summing up, we have 
-lo >■ 



C/2 (0) 



J^L _ illn2 + — lni? + -Cr(-3) - -Cb(-1). 
15120 180 180 3 sm ; 3 SjRV y 



This result agrees with that of Apps, reported in [15] and found using a conformal transformation 
from the 4-hemisphere. 
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We retained the dependence on the radius R, because the coefficient of the lni? 2 -term is 
known to be £(0) and this serves as a small check of the calculation 

Once more all other cases may be treated in exactly the same way, so we list only the final 
results which are (we use the suffix sp to distinguish spectral boundary conditions from the local 
ones) 



d7 2 '(o) 



2489 1 11 ? 

+ i 1*2 + ^ In* + £(&(-3) - &(-!)), 



30240 45 180 3 



<w°> - - - 2i — i "■>*+ i&<-3> - t&(-d. 

S3 / 2 v ; 30240 45 180 3 SRV ; 3 SRy ' 

«°» " "iff + 1 1 " 2 " it M " 71,11 + ! ft( - 3) " c « ( " 2) " f 

We would like to mention, that the contribution coming from Zy 2 (0) is identical for spectral 
and local boundary conditions. The difference is coming only from Aq(s) to A^s). 

This concludes the list of our results for functional determinants of higher spin fields on the 
4-dimensional Euclidean ball. 

All results found agree with the recent results of Dowker [ffg] • 

4 Conclusions 



In this article we applied the approach developed in [ 11 , [T^] to the case of higher-spin fields on 
the ball. We have seen, that the method is very well suited also for these cases and that no 
additional complication compared with the scalar field appears. We found that the £(0) value for 
the fermionic fields agree for local and spectral boundary conditions, however, other properties 
of the zeta function contained for example in the heat-kernel expansion and the zeta functional 
determinant are seen to differ for the two boundary conditions. Arbitrary spin-fields and also 
higher dimensional balls may be treated along the same lines. 
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A Heat-kernel coefficients for higher-spin fields 



In this appendix we present the results for the spin-1/2, 1, 3/2 and the spin-2 fields obeying the 
indicated boundary conditions. 

The A eigenvalues of the operator (Laplace, Dirac,...) on the 4-dimensional ball for all the 
fields we are considering are the solutions of an equation F(J u ,J u+ i) = 0, which involves the 
Bessel functions. More precisely, depending on the boundary conditions, one has 



or 



MX) = o 



(A.l) 



(A.2) 



where v = n + a is positive and n > (for convenience here we put R = 1). The degeneration 
of the eigenvalues is a polynomial of second degree in u, that is d v = ao + ol\v + a^ 2 . The zeta 
function for the massless case reads 



coo = Em 

n=0 J T 



dk 



-k 



-2s 







lnF(Mk),Mi(k)), 



2m dk 

and using the method explained in section 2, one finally gets 

q Cj?(2s + k — 1, a) + oiCr(2s + k — 2, a) + a 2 Cf?(2s + A; - 3, a) 

/■l 



(A.3) 



r(i- s ) 



x / z- zs (t)C k (t)dt + ... 



where z(t) has been defined in section 2, while 
d 



dt 



\nz? --\nF(I u (zv)J u+l (zv))\ ~ £ 



(A.4) 



(A.5) 



/? being 1 or 2 according to whether F is given by Eq. ( |A.l[) or ( A.2 ). The dots in Eq. (|A. 
stand for the analytic part in the neighbourhood of s = , where the function on the left-hand 



side has a pole with residue K n . In principle, using Eq. ( |A.4| ), one can compute K n up to any 
order by a simple computer program. We easily found 



Spin 1/2 - Local Boundary Conditions 

^ 2 (A)-J, 2 +i(A) = 0, u = n+l, 



K A 
K 7 



11 

360 
930F 

32768 
1 

308 

8987^ 

6291456 
64627 

29099070 
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Spin 1/2 - Spectral Boundary Conditions 



J„(A) = 0, v = n+l, d u = 2v + 2v 2 . 



K 4 
K 5 

K 7 

K 8 



11 

360 

817 _ 3jVvr 
2O16O0F ~ 32768 
24341 



1153152 

115069 911^ 



23O63O40F 1572864 
5294503 



133024320 

Spin 1 (Maxwell) - Dirichlet Boundary Conditions 

J„(A) = 0, z^ = n + 2, = -2 + 2zA 



K 5 = - 

K 6 = - 

K 7 = - 

K 8 = 



180 
1 291^/Tr 

87^ ~ 32768 
50549 
720720 

25 4463^F 

192^r ~ 1572864 
13099069 



124156032 

Spin 3/2 - Local Boundary Conditions 

J 2 (X) - J* +1 {\) = 0, u = n + 2, d v = -l + v + v 2 . 



KA ~ "360 

1 6O50F 
5 20F 32768 
53 
2772 



K 6 



5 481550F 
7 ~487^ + 6291456 
12016999 
"232792560 



^8 



11 



Spin 3/2 - Spectral Boundary Conditions 

J„(A) = 0, u = n + 2, 



d u = -8 + Au 2 . 



K 5 = - 

K & = 

K 7 = 

K 8 = 



360 

4223 _ 54VtF 

201600? ~ 32768 
32011 



274560 

485531 8O150F 
' 23O63O40F ~ 1572864 
796491 



4702880 

Spin 2 (Transverse Traceless Modes) - Dirichlet Boundary Conditions 

J„(A) = 0, d„ = -8 + 2v 2 . 



278 
~l5" 
7 1O590F 
~ 32768 
305699 
360360 

139 _ 15119_v^ 
96^ ~ 1572864 
87568801 
103463360 
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